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SMOOTH MAPS COMPATIBLE WITH SIMPLICIAL
STRUCTURES AND INVERSE IMAGES
NAOKI KITAZAWA
Abstract. As higher dimensional versions of geometric studies of Morse func-
tions, there have been various studies of smooth manifolds using generic smooth
maps. As fundamental results, in these studies, they have found that inverse
images of such maps often restrict the homotopy, topology and differentiable
structures of the source manifolds. For example, if generic maps such that
there exist inverse images of regular values being not null-cobordant, then the
top-dimensional homology groups of their Reeb spaces, which are defined as
the spaces of all connected components of inverse images of the maps, polyhe-
dra of dimensions equal to those of the target spaces in considerable cases, and
fundamental and important tools in the theory of generic smooth maps having
some or sometimes much information of homology and homotopy groups etc.,
are shown to be non-trivial by Hiratuka and Saeki in 2012–4. In these cases,
for example, we can see that the corresponding homology groups of the source
manifolds are not trivial except several special cases.
In this paper, we show an extended result where there exists a connected
component which is not zero considering a corresponding element of a module
defined by considering suitable equivalence classes of smooth, connected and
closed manifolds of a fixed dimension. The module is defined as a generalization
of a cobordism group and the relation is defined as that of a cobordism relation.
We also apply the results to several specific cases.
1. Introduction, terminologies and notation
As a branch of the singularity theory of differentiable maps and its application
to geometry of manifolds, higher dimensional versions of geometric studies of Morse
functions on smooth manifolds have been actively studied. In this stream, geometric
theory of generic maps such as (topologically) stablemaps, defined as maps such that
by slight perturbations the global topological properties of the maps are invariant,
has developed; see [3] for generic smooth maps and their singular points.
As a branch of such studies, generic maps having good geometric properties and
geometry of manifolds admitting such maps have been studied. As a class of generic
smooth maps, generic maps such that the inverse images of regular values, which
are smooth and closed submanifolds of the source manifolds, are simple, have been
studied. For example, theorems stating that source manifolds bound nice com-
pact manifolds obtained by observing inverse images as investigated in [14], [16],
[18] and later in [7] etc.. Note that these facts are, in some specific cases, essen-
tially equivalent to the fundamental principle of shadows of 3 and 4-dimensional
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manifolds. Shadows are 2-dimensional polyhedra realized as the retracts of the 4-
dimensional compact orientable manifolds whose non-empty boundaries are closed
and orientable 3-dimensional manifolds and representing these 3 and 4-dimensional
manifolds well (see [23] and see also [1] for example), and motivated by this simi-
larity, articles related to both of these two types of ideas have been published since
2000s such as [2] and [6].
As another work, which is also a key ingredient in the main theorem of this
paper, in [5], Hiratuka and Saeki found a topological constraint, given by a generic
map such as a topologically stable map such that the inverse image of a regular value
includes a null-cobordant connected component, to the Reeb space of the map.
The Reeb space of a map is defined as the space of all connected components
of inverse images (see [13] and [19] for example). Reeb spaces are polyhedra of
dimensions equal to those of the target spaces in considerable cases, inherit fun-
damental invariants of source manifolds such as homology groups etc. in suitable
cases, and are convenient stuffs for studying about algebraic and differential topo-
logical properties of source manifolds. Moreover, for example, a Reeb space is es-
sentially regarded as a shadow introduced before in the case where the map is from
a 3-dimensional closed and orientable manifold into the plane. Last, to explain
precisely about the result of Hiratuka and Saeki, the top dimensional homology
groups of the Reeb spaces do not vanish in these situations and except several cases
the corresponding homology groups of source manifolds do not vanish.
In this paper, we show a statement similar to the result by Saeki and Hiratuka
in the case where the inverse image of a regular value includes a component which
is not zero as an element of a module consisting of equivalence classes regarded as
generalizations of cobordism groups.
This paper is organized as the following.
In section 2, we review the Reeb spaces of continuous maps and triangulable
maps. For example, (topologically)stable maps are important generic smooth maps
and also triangulable (see [4] and [20]). We introduce some explicit triangulable
maps including (topologically) stable maps in Example 1: several explicit cases
where Reeb spaces inherit homology groups of source manifolds are presented.
In section 3, we introduce a cobordism-like module as an extension of a cobordism
group observing differentiable structures of manifolds (in the oriented category) and
neighborhood relations of inverse images of regular values of a smooth triangulable
map.
In section 4, we extend the mentioned result [5] in the case where an inverse
image contains a component which is not zero in a cobordism-like module defined
in the previous section. By obtaining a chain representing a non-zero cycle of the
Reeb space with the coefficient group being the cobordism group, they prove that
the homology group does not vanish and we prove a similar result as Theorem 1,
which is a main theorem of the present paper, in a similar manner.
In the last section, we apply the results to explicit maps to which we cannot apply
the original result. Obtained theorems in this section are also main theorems.
In this paper, manifolds and maps between them are smooth and of class C∞
unless otherwise stated. The singular set of a smooth map is defined as the set of
all singular points of the map, the singular value set of the map is defined as the
image of the singular set and the regular value set of the map is the complement of
the singular value set.
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Throughout this paper, M is a smooth closed manifold of dimension m ≥ 1,
N is a smooth manifold of dimension n without boundary satisfying the relation
m ≥ n ≥ 1, and f is a smooth map from M into N . Moreover, we denote the
singular set of the map by S(f).
The author would like to thank for Osamu Saeki for advising him to present
us a main result or Theorem 2 of this paper when the author first explained this
to him and owing to the advice, as an additional work, the author investigated
more and obtained Theorem 1 and other theorems. The author would like to thank
for Dominik Wrazidlo for studying the present paper and presenting new ideas on
cobordisms of manifolds appearing as inverse images of regular values, which have
motivated the author to study about the contents of this paper further. The author
would like to thank for Takahiro Yamamoto for several interesting discussions on
the present paper.
The author is a member of the project and supported by the project Grant-in-Aid
for Scientific Research (S) (17H06128 Principal Investigator: Osamu Saeki) ”Inno-
vative research of geometric topology and singularities of differentiable mappings”
( https://kaken.nii.ac.jp/en/grant/KAKENHI-PROJECT-17H06128/ ).
2. Reeb spaces of maps and triangulable maps
Definition 1. Let X and Y be topological spaces. For p1, p2 ∈ X and for a map
c : X → Y , we define as p1∼cp2 if and only if p1 and p2 are in the same connected
component of c−1(p) for some p ∈ Y . The relation is an equivalence relation on X .
We denote the quotient space by Wc := X/∼c and we call it the Reeb space of c.
We denote the induced quotient map from X into Wc by qc. We can define
c¯ :Wc → Y uniquely satisfying the relation c = c¯ ◦ qc.
Definition 2. Let X and Y be polyhedra. A continuous map c : X → Y is said
to be triangulable if there exists a pair of triangulations of X and Y and the pair
(φX , φY ) of homeomorphisms on X and Y , respectively, such that the composition
φY ◦ c ◦φX
−1 : X → Y is a simplicial map with respect to the given triangulations.
We also say that c is triangulable with respect to (φX , φY )
Proposition 1 ([4]). For a triangulable map c : X → Y with respect to (φX , φY ),
the Reeb space Wc is a polyhedron given by a homeomorphism φc from a polyhedron
and two maps qc : X → Wc and c¯ : Wc → Y are triangulable maps with respect to
the corresponding pairs of the homeomorphisms.
Definition 2 seems to be difficult to handle explicitly and we introduce another
class of generic smooth maps.
Definition 3. A smooth map c : X → Y is said to be Reeb-triangulable if the Reeb
space Wc is regarded as a simplicial complex satisfying the following.
(1) The inverse images of the interior of each simplex of dimension dimWc of
Wc contains no singular point.
(2) The set of all points in Wc whose inverse images have singular points forms
a subcomplex of Wc.
(3) The map c¯ : Wc → Y is triangulable with respect to a pair (Φ, φ) of
homeomorphisms where Φ makesWc the same simplicial complex as already
given one and where φ makes Y the same PL manifold as already given
canonically.
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(4) dimWc = dim Y .
Stable maps are essential smooth maps in higher dimensional versions of the
theory of Morse functions or the theory of global singularity.
Definition 4. A smooth map c : X → Y is said to be topologically (C∞) stable
if there exists an open neighborhood of c in the space C∞(X,Y ) consisting of all
smooth maps from X into Y given the Whitney C∞ topology and for any map c′ in
the neighborhood, there exists a pair (Φ, φ) of homeomorphisms (diffeomorphisms)
satisfying the relation c′ ◦ Φ = φ ◦ c.
As fundamental facts, Morse functions on smooth closed manifolds such that
the values are always distinct at distinct two singular points are topologically and
C∞ stable and a topologically or C∞ stable function is such a Morse function.
Furthermore, such functions exist densely on any closed manifold. See [3] for such
fundamental facts.
Fold maps are regarded as higher dimensional versions of Morse functions and at
each singular point p, f is of the form (x1, · · · , xm) 7→ (x1, · · · , xn−1,
∑m−i(p)
k=n xk
2−∑m
k=m−i(p)+1 xk
2) for some integers m,n and i(p). For a smooth map, such a
singular point is said to be a fold point and for a fold point p, i(p) is taken as a
non-negative integer not larger than m−n+12 uniquely: we call i(p) the index of p.
For a fold map, the set of all singular points of an index is a smooth submanifold
of dimension n − 1, and the restriction of the fold map to the singular set is an
immersion and if the map is topologically or C∞ stable, then the immersion is
transversal.
We omit explanations of precise properties on (stable) fold maps in this paper.
For such properties and explicit examples of fold maps, see [14] and [15] and see
also [7] and [8].
The following is known about Thom maps; the class of Thom maps is wider
than that of topologically stable maps. A continuous map is said to be proper if
the inverse image of each compact set in the target space is also compact.
Proposition 2 (Shiota, [20]). Proper Thom maps are always triangulable (with re-
spect to a pair of homeomorphisms giving the canonical triangulations of the smooth
manifolds).
We omit the phrase ”with respect to a pair of homeomorphisms giving the canon-
ical triangulations of the smooth manifolds” for such smooth maps in this paper.
We introduce some classes of smooth maps, give explanations on Reeb spaces
and see that they are (Reeb-)triangulable. In presenting theorems and proofs later,
we also present explicit Reeb spaces.
Example 1. (1) Morse functions on closed manifolds are always triangulable
and Reeb-triangulable; the Reeb spaces are regarded as graphs. More gen-
erally, for smooth functions on closed manifolds such that the sets of all
singular values are finite sets, the Reeb spaces are also regarded as graphs.
Such functions that are not (stable) Morse appear explicitly in [19] and
later in [10] for example.
(2) A simple fold map is defined as a fold map such that each connected compo-
nent of the inverse image of each singular value has only one singular point
and they are triangulable and Reeb-triangulable (see [14] for example). Spe-
cial generic maps are defined as fold maps whose singular points are always
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of index 0 and they are also simple fold maps. The Reeb space of a special
generic map is regarded as a compact smooth manifold we can immerse
into the target space. See [15] for an introduction to special generic maps
and see also [17] and [24]. Last, it is known that for a special generic map,
the quotient map onto the Reeb space induces an isomorphism of homology
groups whose degrees are not larger than the difference of the dimension of
the source manifold and that of the target manifold. For a simple fold map
such that inverse images of regular values are disjoint unions of spheres
and satisfying suitable differential topological conditions on indices of fold
points and differentiable structures of homotopy spheres appearing as in-
verse images of regular values (maps in Theorem 2 satisfy the condition),
the quotient map onto the Reeb space induces an isomorphism of homology
groups whose degrees are smaller than the difference of the dimension of
the source manifold and that of the target manifold: see [18] and see also
[7] and [8]:.
Remark 1. The author does not know when a Reeb-triangulable smooth map is
triangulable. It is true in some cases (see Example 1) and it seems to be true for
considerable classes of smooth maps. Moreover, it seems to be not so difficult to
construct triangulable maps which are not Reeb-triangulable systematically. How-
ever, we do not consider construction of these maps in the present paper.
3. A cobordism-like module generated by equivalence classes of
smooth closed and connected manifolds
We introduce a cobordism-like module generated by equivalence classes obtained
from a suitable equivalence relation on a free module generated by all types of
smooth, closed and connected manifolds.
First, a diffeomorphism type is an equivalence class obtained by considering the
equivalence relation on the family of smooth manifolds defined by diffeomorphisms
between smooth manifolds.
Let k ≥ 0 be an integer. For a principle ideal domain R, we can define a free
R-module Nk(R) (Ok(R)) generated by all (resp. oriented) diffeomorphism types
of k-dimensional smooth, closed and connected (resp. oriented) manifolds which
are mutually independent.
Let f : M → N be a triangulable smooth map from an m-dimensional smooth
closed (resp. and oriented) manifold of dimension m into an n-dimensional smooth
and oriented manifold. We define a submodule A ⊂ Nm−n(R) (resp. Om−n(R))
satisfying several conditions.
We define a smooth compact submanifold transverse to the given smooth map.
A compact manifold S smoothly embedded in N is said to transverse to f if for
each point a in S−∂S and each point b ∈ f−1(a), df(TbM)⊕TaS = TaN and each
point a in ∂S is a regular value of f : note that f−1(a) may be empty here.
Let Γ be a triangulation of N given by an appropriate homeomorphism. Let
Γf be the set of all connected components of inverse images of all 1-dimensional
smooth connected and compact submanifold with non-empty boundaries or closed
interval smoothly embedded, transverse to the map f , having at most 1 point of an
(n − 1)-dimensional face of a simplicial complex of Γ and satisfying the following
by f¯ :Wf → N satisfying f = f¯ ◦ qf .
(1) The point in the face is not in any (n− 2)-dimensional face.
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Figure 1. The inverse image of a 1-dimensional polyhedron γ in
the Reeb space by the quotient map qf (in this case the inverse
image of γ is PL homeomorphic to a manifold obtained by removing
the interiors of three disjoint smoothly embedded closed discs of a
dimension from the standard sphere of the same dimension).
(2) The point in the face is in the interior of the curve in N .
Let γ ∈ Γf and let Af,γ be the set of all closed (resp. canonically oriented) con-
nected submanifolds appearing as connected components of the inverse images of
points in ∂γ
⋂
IntWf by f . We can consider the sum of the products of 1 or −1 and
(resp. oriented) diffeomorphism types of all the submanifolds in Af,γ and denote
the sum by af,γ . We define whether each coefficient of each diffeomorphism type is
1 or −1 according to the orientation of the (n − 1)-dimensional face induced from
the n-dimensional oriented simplex the boundary point of the closed interval in the
target belongs to. For example, see FIGURE 1 and in this case, the sum af,γ is
a1 + a2 − a3 or a3 − a1 − a2.
Note that there may be a type appearing more than once and the coefficients
appearing in af,γ may not be the unit. For example, consider stable fold maps
such that all the indices of singular points are 0 or 1, that the inverse images
corresponding to regular values are disjoint unions of (oriented) standard spheres
and that the differences of the dimensions of the source manifold and the target
manifold are larger than 1 or m − n > 1, which are often considered and will be
discussed also in this paper later in Theorem 2. FIGURE 1 explicitly shows this
case: as an explicit case, we can consider a case where two connected components
of the three inverse images are diffeomorphic homotopy spheres being not standard
spheres and the other is a standard sphere. In the case (with R = Z), we can set
the coefficients as 2 and −1, respectively.
Definition 5. In the discussion just before, if for some triangulation Γ of N and
each γ ∈ Γf , af,γ ∈ A holds, then the submodule A ⊂ Nm−n(R) (resp. Om−n(R))
is said to be (resp. oriented) compatible with f .
Note that the sign of each af,γ ∈ A does not affect on the definition.
Definition 6. In the discussion here, we say that a smooth curve γ in the target
manifold N is simplicially transverse to f if γ ∈ Γf holds for some simplicial
complex Γ of N induced by an appropriate homeomorphism.
Example 2. Considering all (oriented) cobordism relations of the (m−n)-dimensional
smooth closed (resp. and oriented) manifolds, we can takeA so thatNm−n(Z/2Z)/A
(resp. Om−n(Z)/A) is the (m− n)-dimensional smooth (resp. oriented) cobordism
group.
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Figure 2. The case of a simplex not in the interior of Wf .
Note also that as FIGURE 2 shows, the inverse image of a point corresponding
to a regular value in a simplex not in the interior IntWf is zero in the module
Nm−n(R)/A (resp. Om−n(R)/A).
Example 3. Considering all (oriented) cobordism relations of the (m−n)-dimensional
smooth closed (resp. and oriented) manifolds, we can takeA so thatNm−n(Z/2Z)/A
(resp. Hn(Wf ;Om−n(Z)/A)) is the (m − n)-dimensional smooth (resp. oriented)
cobordism group.
4. The top homology groups of the Reeb spaces of triangulable maps
Theorem 1. Let f :M → N be a triangulable smooth map or a Reeb-triangulable
map from an m-dimensional smooth closed (and oriented) manifold M into an n-
dimensional smooth and oriented manifold N satisfying m > n ≥ 1.
Let R be a principle ideal domain and A be an R-module (resp. oriented) com-
patible with f . If for a regular value a, there exists a connected component of
f−1(a) such that the element obtained by the natural quotient map Nm−n(R) (resp.
Om−n(R)) onto Nm−n(R)/A(resp. Om−n(R)/A) is not zero, then the homology
group Hn(Wf ;Nm−n(R)/A) (resp. Hn(Wf ;Om−n(R)/A)) does not vanish.
It is regarded as an extension of the following proposition or the main result of [5]
and we can prove Theorem 1 similarly. We denote the smooth oriented cobordism
group of k-dimensional smooth closed and oriented manifolds by Ωk.
Proposition 3 ([5]). Let (the manifolds M and N be oriented and) f : M → N
be a smooth triangulable map. If for a regular value a, there exists a connected
component of f−1(a) which is not (resp. oriented) null-cobordant, then for the
Reeb space Wf , the homology group Hn(Wf ;Z/2Z) (resp. Hn(Wf ; Ωm−n)) is not
trivial.
Note that R is Z and Z/2Z, respectively in this proposition.
Proof of Theorem 1. The proof is essentially same as that of Proposition 3. For any
n-dimensional simplex σ of the polyhedron Wf , we are enough to take a chain aσσ
where aσ is defined as the element obtained by the quotient map from Nm−n(R)
onto Nm−n(R)/A (resp. Om−n(R) onto Om−n(R)/A) from the (resp. oriented)
diffeomorphism type of the inverse image of a point in σ by qf : M → Wf . Note
that this element does not depend on the point in the simplex by a discussion in
the original paper or Lemma 3.1 of [5].
We are enough to take the sum of the elements for all the simplices in the
simplicial complex. The resulting chain is a cycle by virtue of the definition of A
and the original proof. To see this, see FIGURE 1 again : the coefficient of each
(n − 1)-dimensional simplex of the boundary of the n-dimensional chain is zero
(a1 + a2 − a3 is in A and by the natural quotient map it is sent to 0). It is not a
boundary since the dimension of Wf is n. 
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Remark 2. We do not need to assume that N is oriented in the case where for each
r ∈ R, 2r = 0 holds, for example. The statement of Proposition 3 for the case where
the manifolds are not oriented gives an example of the cases where target manifolds
are not oriented: in addition, for example, inverse images of regular values are also
not oriented in these cases.
5. Modules compatible with given explicit maps and application of
Theorem 1 to several classes of triangulable or
Reeb-triangulable maps.
First, we introduce several classes of (Reeb-)triangulable maps.
Definition 7. Let f be a Reeb-triangulable smooth map. For the singular set
S(f), let qf (S(f)) be a subcomplex of an appropriate simplicial complex Wf and
Wf − IntWf ⊂ qf (S(f)).
(1) Suppose that dim(Wf − IntWf ) = dimWf − 1 holds and that all points of
Wf − IntWf not being values of fold points of indice 0 form a subcomplex
of dimension smaller than dim(Wf − IntWf ) : if the dimension is 0, then
we suppose that the subcomplex is empty. Suppose that the restriction of
qf to the set of all singular points whose values are not in the subcomplex
before is injective. Then f is said to be normal.
(2) Suppose that dim qf (S(f)) = dimWf − 1 and that all points of qf (S(f))
that are not values of fold points form a subcomplex of dimension smaller
than dim qf (S(f)) : if the dimension is 0, then we suppose that the sub-
complex is empty. Then f is said to be almost-fold.
(3) Suppose that the set {p ∈ qf (S(f)) | qf−1(p)
⋂
S(f) consists of more than
1 singular points.} is a subcomplex of dimension smaller than dim qf (S(f))
: if the dimension is 0, then we suppose that the subcomplex is empty.
Then f is said to be stable-singular. If the map is also almost-fold, then it
is said to be almost-stable-fold.
Almost-fold maps are normal for example. We see several examples.
Example 4. (1) Proper (C∞ stable) Morin maps, which are regarded as gen-
eralizations of fold maps (see [3] and see also [12] for example), are almost-
fold (resp. almost-stable-fold).
(2) Proper C∞ stable maps are always almost-stable-fold in the case where
the dimension of the target manifold is not larger than that of the source
manifold and where the dimension of the target manifold is not so high
(smaller than 6). Note also that proper C∞ stable maps exist densely in
such a case (and in addition, proper topologically stable maps exist densely
in general). For these facts, see also [3] for example and in the proof of
Theorem 3 and FIGURE 4, images of local maps of proper C∞ stable
maps on manifolds whose dimensions are larger than 2 into the plane will
be presented.
(3) Smooth functions on closed manifolds presented in the first part of Example
1 are Reeb-triangulable but they are generally not normal, almost-fold or
stable-singular.
5.1. Cases of triangulable maps such that inverse images of regular val-
ues are highly connected. We denote the smooth oriented h-cobordism group
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of k-dimensional homotopy spheres by Θk. For (oriented) h-cobordism groups of
(homotopy spheres), see [11] for example.
Theorem 2. Let f :M → N be an almost-stable-fold map from an m-dimensional
smooth closed and oriented manifold M into an n-dimensional smooth oriented
manifold N satisfying the following.
(1) The relation m > n ≥ 1 holds.
(2) If m− n is odd, then the index of each fold point is 0 or 1.
(3) The inverse images of regular values are always disjoint unions of homotopy
spheres.
If for a regular value a, f−1(a) contains a connected component not diffeomorphic
to a standard sphere, then Hn(Wn; Θm−n) is not zero.
Proof. For a small curve simplicially transverse to f which does not contain singular
values, the inverse image is a disjoint union of cylinders of homotopy spheres. For
a small curve simplicially transverse to f containing just one singular value, by
a fundamental discussion on the transversality of the curve to the singular value
set, which we explain again and more precisely in the proof of Theorem 3, an
extension of the present theorem, we may regard that each connected component
of the inverse image is regarded as a disjoint union of a standard closed disc of
dimension m−n+1, a compact smooth manifold PL homeomorphic to a compact
manifold obtained by removing 3 disjoint smoothly embedded standard closed discs
of dimension m − n + 1 from Sm−n+1, or a cylinder of a homotopy sphere. Note
that FIGURE 1 and FIGURE 2 show the cases where the connected components
of the inverse images contain singular points.
From this argument and the definition of a module compatible with f , we can
take a module A compatible with f as a commutative group so that the commuta-
tive group Om−n(Z)/A is isomorphic to the group Θm−n. There exists a one-to-one
correspondence between the set of all oriented diffeomorphism types of (m − n)-
dimensional oriented homotopy spheres and Θm−n and by virtue of the fact, we
have the desired result. 
Example 5. Let m > n ≥ 2 hold. An m-dimensional manifold represented as the
total space of a smooth bundle over Sn with fibers diffeomorphic to a homotopy
sphere Σ obtained by gluing two standard closed discs by a diffeomorphism on the
boundaries admits a stable fold map into Rn such that the following hold.
(1) The singular value set consists of two spheres.
(2) For connected components of the regular value set, the inverse images are
empty set, Sm−n and a disjoint union of two copies of Σ, respectively.
See FIGURE 3. Thus the Reeb space is simple homotopy equivalent to Sn and
the top homology group does not vanish, This fact of the top homology group
follows also from Theorem 2 in the case where Σ is a homotopy sphere which is not
a standard sphere.
For this, see also [7] and [8], in which such manifolds are characterized by maps
presented here with additional differential topological conditions or more precisely,
such maps obtained by the methods used in the proof of Theorem 4 or fundamental
construction of round fold maps.
Last, review about the fact on isomorphisms of homology and homotopy groups
induced by the quotient maps onto the Reeb spaces mentioned in Example 1 (2). If
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⤴
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Figure 3. A stable fold map on the total space of a smooth bun-
dle over Sn with fibers diffeomorphic to a homotopy sphere Σ (each
manifold represents the corresponding inverse image of the corre-
sponding connected component of the regular value set) and the
Reeb space.
the difference of the dimensions of the source and the target spaces is large, then the
n-th homology group with coefficient ring Z of the source manifold is Z, isomorphic
to that of Sn. Note that in the case where the relation m 6= 2n − 1 holds, such a
fact holds.
We remark on Theorem 2.
Remark 3. In [9], stable maps of closed manifolds whose dimensions are larger
than 2 into the plane are discussed and for most of the maps in the paper, the 2nd
homology groups (whose coefficient rings are Z or Z/2Z) of the Reeb spaces vanish;
for example, the cases where the Reeb spaces are merely 2-dimensional manifolds
with non-empty boundaries are studied.
In the last section of [9], fold maps satisfying the assumption of Theorem 2 with
the following additional conditions are studied (the explanation of the considered
class here is a bit different from that of the original paper but essentially same as
the original one).
(1) The source manifold M is simply-connected and the dimension of M is
larger than 3.
(2) The fold map f :M → R2 is simple.
(3) If the dimension of the source manifold is odd, then the index of each fold
point is 0 or 1.
(4) The inverse images of regular values are disjoint unions of standard spheres.
(5) The top homology group or the 2nd homology group of Wf is zero (the
coefficient module is Z).
Let A be a module over a principle ideal domain R. According to arguments by
[18], [7] and [8], the homology groupHk(M ;A) of source manifold and Hk(Wf ;A) is
shown to be isomorphic for 0 ≤ k ≤ m−3 (the proofs are done for homotopy groups
and they are applicable for homology groups by fundamental properties of handle
decompositions of PL manifolds). Thus M is a homotopy sphere and H2(Wf ;A)
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is zero. Thus, we can replace the term ”disjoint unions of standard spheres” by
”homotopy spheres” in the fourth additional assumption by virtue of Theorem 2.
Note also that we cannot deduce Theorem 2 directly from Proposition 3.
Remark 4. In the case where the relation m − n 6= 1, 3, 7, 15 holds, we can drop
the assumption on indices in Theorem 2.
For integers 0 < k1 < k2, the k1-connective k2-dimensional smooth oriented
cobordism group Ck2k1 is a commutative group defined by an equivalence relation on
the family of k2-dimensional smooth, closed and k1-connected oriented manifolds
with an empty set: two elements in the family are equivalent if and only if their
disjoint union bounds a k1-connected smooth compact oriented manifold. For the
definition, see also [21] and [24] for example. We have the following as an extension
of Theorem 2.
Theorem 3. Let f :M → N be an almost-stable-fold map from an m-dimensional
smooth closed and oriented manifold M into an n-dimensional smooth oriented
manifold N satisfying the following.
(1) The relation m− n ≥ 2 holds and m− n 6= 3, 7, 15.
(2) k is a positive integer satisfying 2k < m − n in the case where m − n is
even and 2k+ 1 < m− n in the case where m− n is odd and all manifolds
appearing as connected components of inverse images of regular values are
k-connected.
If for a regular value a, f−1(a) contains a connected component which is not zero
in Cm−nk , then Hn(Wf ; C
m−n
k ) is not zero.
Proof. For any curve simplicially transverse to f containing just one singular value,
if a connected component γα of f¯
−1(γ) is homeomorphic to a closed interval, then
the inverse image of γα by the map qf is k-connected. We can know this by the
fundamental discussions on handle decompositions of Morse functions or the attach-
ments of (m − n + 1)-dimensional handles with indices larger than k and smaller
than m− n− k. More precisely, each singular value correspond to a handle. Note
that for this discussion, we may need to perturb the curve in the target manifold
(see FIGURE 4: see [3] for fundamental theory of stable maps on manifolds whose
dimensions are larger than 1 into the plane including fundamental theory of cusp
points etc.) and note also that in this case, the resulting curve may contain more
than 1 singular values in the interior and can be divided into curves simplicially
transverse to the map each of which contains just one singular value with inverse
image containing just one singular point by a finite number of points. It is also im-
portant that these perturbations do not affect the structure of a module compatible
with the map if we take the module as a sufficiently small module.
By virtue of this fact and Theorem 1, we have the result. 
It seems to be difficult to find examples explaining Theorem 3 explicitly well due
to the difficulty of knowing explicit structures of Ck2k1 in general.
Remark 5. In the case where the source manifolds are not oriented, by considering
suitable coefficient modules, we can prove results similar to Theorem 2 and Theorem
3.
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Figure 4. Perturbations in cases where the target space is 2-
dimensional: The first figure represents a case where the curve
contains a self-intersection of the singular value set and the second
one represents a case where the curve contains a value of the map
at a cusp point.
5.2. Cases where the codimensions are −2. We consider cases where inverse
images of regular values are closed surfaces.
Theorem 4. Let R 6= {0} be a principle ideal domain and g be a positive integer
larger than 2. Then for any integer m > 2, there exists a smooth, closed and
connected, (oriented) manifold M and a stable fold map f :M → Rm−2 satisfying
the following.
(1) There exists an R-module A compatible with f such that the value of the
quotient map from N2(R) (resp. O2(R)) to N2(R)/A (resp. O2(R)/A) at
the diffeomorphism type of a closed orientable (resp. oriented) surface Σg
of genus g is not zero.
(2) There exists a connected component of inverse image of a regular value
diffeomorphic to Σg.
(3) The number of connected components of the set of all singular points whose
indices are 0 are 2 in the case where m = 3 and 1 in the case where m > 3.
Furthermore, Hn(Wf ;N2(R)/A) (resp. Hn(Wf ;O2(R)/A)) is not zero.
Proof. First we prove the former part in the case where m = 3. We show in the
case where g is odd. We construct a Morse function such that the Reeb space is
obtained by gluing two copies of a graph as presented in FIGURE 5 ; we attach
one of the copies to the other one upside down and to show this, we draw a thick
horizontal line in the bottom of the figure. We can see that the corresponding
element of N2(R)/A (O2(R)/A) of the (resp. oriented) diffeomorphism type of Σg
does not vanish.
In the case where g is even, we use the graph presented in FIGURE 6 instead.
Note that around the square-shaped dots, inverse images of regular values are closed
and orientable surfaces whose genera are not smaller than 1 and not larger than
g − 2.
To show the statement for general m ≥ 3, we consider the graph in the figure
as the Reeb space of a Morse function on a compact manifold with non-empty
INVERSE IMAGES OF SMOOTH PL MAPS 13
Figure 5. The graph to obtain a Reeb graph for a desired Morse
function: the manifolds represent corresponding connected com-
ponents of inverse images of regular values, Σk represents a closed
orientable surface of genus k > 0 and the dots represent corre-
sponding (values at) singular points (g is odd).
Figure 6. The graph for the case where g is even.
boundary such that on the boundary the values are minimal and that the inverse
image of the minimal value and the boundary coincide. We consider the product of
the Morse function and the identity map idSn−1 . The image is regarded as the set
of points in Rm−2 such that the distances to the origin is not smaller than a > 0
and not larger than b > 0. We consider an appropriate product bundle over the set
of points in Rm−2 such that the distances to the origin is not larger than a. This
is a fundamental construction of a round fold map introduced and systematically
studied in [7] and [8]. We will show another example of round fold maps later in
FIGURE 8.
By the construction, we also have the third condition of the former part.
We have the latter part easily from Theorem 1 
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Note that for the resulting maps we cannot apply Proposition 3.
Theorem 5. Let f :M → N be an almost-stable-fold map from an m-dimensional
smooth closed manifold M into an n-dimensional smooth oriented manifold N sat-
isfying the following.
(1) m− n = 2.
(2) For a regular value a, f−1(a) contains a connected component diffeomorphic
to a non-orientable closed surface.
(3) The maximal value of genera of connected components of inverse images
of regular values which are non-orientable, closed and connected surfaces is
g > 0.
(4) For any small curve simplicially transverse to f containing just one singular
value such that the inverse image of the value contains just one singular
point and that the point is fold, if a connected component γα of f¯
−1(γ) is
homeomorphic to a closed interval, then the inverse images of points of the
boundary by the map qf are as one of the following.
(a) Both are closed and connected non-orientable surfaces of genera smaller
than g.
(b) Both are closed and connected orientable surfaces.
(c) One is a closed and connected orientable surface and the other is a
closed and connected non-orientable surface of genus g.
In this situation, if a connected component γα of f¯
−1(γ) is not homeo-
morphic to a closed interval, then it is homeomorphic to a Y-shaped 1-
dimensional polyhedron and the following hold.
(a) The inverse images of points of the boundary by the map qf are all
orientable or all non-orientable.
(b) In the latter case just before, one of the non-orientable surfaces must
be of genus g and the genera of the others must be smaller than g.
If for a regular value a, f−1(a) contains a connected component diffeomorphic to a
non-orientable closed surface of genus smaller than g, then Hn(Wf ;Z) is not zero.
Proof. As in an argument of the proof of Theorem 3, note that a curve simplicially
transverse to the map can be perturbed appropriately and as a result we can regard
this as a curve we can divide into curves simplicially transverse to f each of which
contains just one singular value such that the inverse image of the value contains
just one singular point and that the point is fold.
By virtue of all the assumptions, we can take a commutative group A compatible
with f so that the group O2(Z)/A is Z/2Z or Z. We can define A so that the
O2(Z)/A is generated by an element corresponding to a non-orientable closed and
connected surface whose genus is smaller than g. More precisely, we are enough
to set a generator of A so that any element whose coefficient of the element a
corresponding to the non-orientable closed surface of genus k < g appearing as a
connected component of an inverse image of a regular value is not zero satisfies
either of the following.
(1) For the element a0 corresponding to the non-orientable closed surface of
genus g and another element b corresponding to the non-orientable closed
surface of genus k′ < g satisfying k+k′+1 = g, the element of the generator
is represented as a0 − a− b.
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Figure 7. An example of the Reeb spaces of Morse functions sat-
isfying the assumption of Theorem 5 : Nk is a non-orientable closed
and connected surface of genus k ≥ 1, K is the Klein Bottle and
its genus is 1.
Figure 8. An example of round fold maps satisfying the assump-
tion of Theorem 5.
(2) There exists another element b corresponding to the non-orientable closed
surface of genus k′ < g satisfying |k − k′| = 1 and the element of the
generator is represented as a− b.

As one of simplest examples, FIGURE 7 represents a Morse function satisfying
the assumption of Theorem 5. FIGURE 8 represents a fold map such that the
singular value set is concentrically embedded spheres as shown and that the corre-
sponding inverse images are as denoted. It is an explicit fold map into the plane
satisfying the assumption of Theorem 5. Note also that it is an example of round
fold maps : the presentation is announced in the proof of Theorem 4. Note that this
can be generalized to the cases for general dimensions according to a fundamental
discussion as mentioned in the proof of Theorem 4. Note that the figures represent
maps to which we cannot apply Proposition 3.
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